The paper considers the differential pump-probe spectra due to excitons in linear molecular aggregates taking into account simultaneously effects of both exciton-exciton interaction and higher molecular levels. The theoretical analysis, carried out in terms of the Green function technique, provides analytical expressions for the line shape of the pump-probe spectrum valid for an arbitrary number N of molecules forming the aggregate. Furthermore, the theory can accommodate any number of molecular states with higher energies. This includes, inter alia, the most common situation in which the higher lying states form a dense set of sublevels of electronic, vibrational, etc. origin. It has been demonstrated that incorporation of such higher molecular levels introduces widths to biexciton peaks formed below the two-exciton continuum. In addition, the indirect interaction between the excitons via the higher molecular levels can facilitate formation of a biexciton at lower than usual values of the direct exciton-exciton coupling ␥, in extreme cases even for negative ␥ values characterizing repulsion rather than attraction between the excitons. On the other hand, in the region around the exciton band-edge, the differential spectrum can be described reasonably well in terms of the model of noninteracting excitons for a wide range of parameters of the system, subject to the replacement of an actual number of molecules per aggregate N by the effective one N eff . The latter N eff is shown to be influenced both by the direct coupling between the excitons and also by the indirect coupling via the higher molecular levels.
I. INTRODUCTION
Optical properties of molecular aggregates due to the transition between the ground electronic and the excited oneexciton states have been a subject of interest over many years. [1] [2] [3] [4] [5] [6] [7] [8] However, only in the past decade more attention has been drawn to the nonlinear optical properties of such systems involving quantum states with more than one exciton per aggregate. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] The interest was motivated, to a considerable degree, by the application of the time-resolved pump-probe spectroscopy in studying the molecular aggregates in organic [22] [23] [24] [25] [26] [27] [28] [29] and biological 30, 31 systems. In such experiments, a blue shift has been observed for the excitedstate absorption of one-dimensional J-aggregates of pseudoisocyanine dye [22] [23] [24] [25] [26] [27] [28] [29] and of complexes of the bacteriochlorophyll ͑BChl͒ molecules. 30, 31 The effect has been explained on the basis of exciton-origin of the absorption lines, analyzing the one-to two-exciton transition in the molecular aggregates. 9, 10, [12] [13] [14] 16, 20, 24, 31 The comparison of the theory with the pump-probe experiments provides information on the delocalization lengths of excitons in molecular aggregates, 10 the degree of the intersite correlation of the inhomogeneous broadening in aggregates, 13, 14 as well as other characteristics of the systems. 14, 16, 21 It is noteworthy that in most of the previous studies, such as in Refs. 9, 11-14, 16-18, excitons have been considered as noninteracting Paulions, and the influences of higher molecular levels have been neglected. Recently the effects of the exciton-exciton interaction on the ͑two color͒ pump-probe spectra has been considered for molecular aggregates with linear [32] [33] [34] [35] and circular 35 geometries. The analysis has been carried out in terms of twoparticle Green functions adopting the continuum limit for the states forming the exciton band. 33, 34 To take into account the finite size of the aggregates, both numerical simulations of the pump-probe spectra have been accomplished [32] [33] [34] and explicit analysis of the transition dipoles has been performed 35 for transitions between the one-and two-exciton states. The numerical calculations 33, 34 have shown that the differential spectrum can experience significant changes if the strength of the exciton-exciton coupling is close to a critical value corresponding to the onset of biexciton formation below the band of dissociated two-exciton states. It is noteworthy that the calculated pump-probe spectrum 33, 34 has appeared to be almost independent of the magnitude of the exciton-exciton coupling ␥ if the latter does not exceed a critical value ␥ crit . This can be understood from the analysis of the dipole moments for the optical transition between the one-and two-exciton manifold 35 showing that the excitonexciton interaction can be taken into account in an effective manner through the replacement of the actual number N of molecules forming the aggregate by an effective number N eff ͑with ͉N eff ϪN͉ӶN if ␥ is away from ␥ crit ͒. In other investigations, 15 ,36 the two-photon absorption 15 and the pump-probe 36 spectra have been considered for noninteracting excitons in large molecular chains of three-level molecules. A similar chain of three level molecules has been also treated in a classic paper by Merrifield, 37 yet the analysis has been restricted to the stationary two-quantum excited states, no specific spectra ͑two-photon, pump-probe, etc.͒ being considered.
In the present paper we shall examine jointly the effects of the exciton-exciton interaction and the higher molecular levels on the differential pump-probe spectrum of onedimensional molecular aggregates. The theoretical analysis carried out in terms of the Green function technique, is valid for an arbitrary number N of molecules forming the aggregate and accommodates any number of molecular states with higher energies as well. This includes, inter alia, the most common situation in which the higher-lying states are characterized by a dense set of sublevels of electronic, vibrational, etc. origin. In such a case the higher molecular levels play the role of a dissipative system that quenches pairs of lower lying excitons, thus making the exciton-exciton annihilation an irreversible process, as usually observed in experiments. 38 In the spectroscopic context, the inclusion of such a dissipative system introduces some widths to the biexciton levels formed below the two-exciton continuum. In addition, the indirect interaction between the excitons via the higher molecular levels can facilitate the formation of a biexciton at lower than usual values of the direct exciton-exciton coupling ␥, in extreme cases even for negative ␥ values characterizing repulsion rather than attraction between the excitons. On the other hand, in the region around the exciton band-edge, the differential spectrum can be described reasonably well in terms of the model of noninteracting excitons for a wide range of the parameters of the system, subject to the replacement of the actual number of molecules per aggregate 39 N by the effective one N eff , the latter N eff being now influenced both by the direct coupling between the excitons and also the indirect coupling via the higher molecular levels. In this way, effects such as the blue shift of the exciton absorption band established originally for noninteracting excitons, 9, 10, [12] [13] [14] persist also within the present more complicated model.
The analysis is carried out through the following steps. In Sec. II, after defining the Hamiltonian, the Jordan-Wigner transformation 10, 14, [40] [41] [42] is applied to convert molecular electronic excitations with lower energy into fermions. Next we separate the ''center of mass'' of the two Fermi-excitons from their relative motion via the introduction of operators for the creation and annihilation of exciton pairs. This allows us to avoid difficulties in counting the two-exciton states. Such difficulties can arise if one separates the ''center of mass'' from the relative motion in a usual way 14, 37, 43, 44 using the original ͑paulion͒ representation for the two-exciton states. For instance, the cases with even and odd N require separate analysis 15, 33 even for the case of noninteracting excitons.
14 Inclusion of the exciton-exciton interaction ͑as well as the higher molecular levels͒ adds additional difficulties if one is interested not only in biexcitons 43, 44 ͑i.e., localized states for the relative motion of two excitons͒, but also in the dissociated two-exciton states at finite N. In fact, one can choose readily incorrect boundary conditions for the relative motion of the two excitons ͑subsequently affecting the eigenvalue spectrum of the dissociated two-exciton states͒, as discussed in detail recently. 35 It is noteworthy that the present approach does not face all these difficulties, as the fermionization carried out before the separation into the ''center of mass'' and the relative motion solves the problems automatically. In Sec. III the line shape of the excitedstate absorption is presented through the two-particle Green functions. The latter Green functions are subsequently derived in terms of those for the free excitons, details of the derivation being placed in Appendix A. The summations emerging in the free-exciton Green functions are then explicitly calculated ͑in Appendix B͒ adapting a method suggested by Montrol 45 and Lakatos-Lindenberg et al. 46 in their studies of random walks on lattices. As a result, in Sec. IV one arrives at analytical expressions for the differential spectrum of the combined system containing interacting excitons and higher molecular excitations. The expressions are valid for any number of molecules N in the aggregate. Specific calculations are also presented in Sec. IV to illustrate the general theory. The concluding Sec. V summarizes the findings.
II. HAMILTONIAN
Consider a system of interacting molecular excitons coupled to higher excited molecular levels in a onedimensional molecular aggregate. The Hamiltonian for such a system is
͑2.1͒
where N is the number of molecules in the aggregate, t n ϩ (t n ) are Pauli operators for the creation ͑annihilation͒ of an electronic excitation at molecule n, being the excitation energy. Another set of operators c n␣ ϩ and c n␣ describes the creation and annihilation of molecular excitations with higher energies ( ␣ Ͼ), the summation over ␣ covering molecular levels of interest. The Hamiltonian ͑2.1͒ incorporates ͑within nearest neighbor approximation͒ both the resonance transfer of the low-energy excitons between the molecules and their mutual coupling, where (ϪL) and (Ϫ␥) are the corresponding coupling constants. For higher molecular levels the resonance energy transfer is usually of much less importance and hence has been disregarded in the Hamiltonian ͑2.1͒. The two types of excitations interact via the annihilation of two low-energy excitons at neighboring sites, accompanied by the promotion of one of the two molecule to a higher excited level ␣, with ␣ being the coupling con-stant; the Hermitian conjugate terms in the Hamiltonian ͑2.1͒ describe the opposite process. Finally, cyclic boundary conditions imply that t Nϩ1 ϵt 1 and c ͑ Nϩ1 ͒␣ ϭc 1␣ , ͑2.2͒
together with analogous relationships for the creation operators. It is noteworthy that in contrast to a recent study by Knoester and Spano, 15 the Hamiltonian ͑2.1͒ incorporates the exciton-exciton coupling (␥ 0) and also can take into account an arbitrary number of higher molecular levels ␣. Specifically, the present model can describe the most common situation where the levels ␣ comprise a dense set of higher molecular sublevels ͑of electronic, vibrational, etc. origin͒ in resonance with the two-exciton states. Note also some similarities between the present Hamiltionian and the one used in the theory of biphonons and Fermi resonance in the vibrational spectra of crystals. 47, 48 
A. Fermionization
For the present purposes, it is sufficient to consider the Hilbert space comprising the quantum states with up to two low-lying excitons and up to one molecular excitation with higher energy. The operators, t n ϩ and t n describing the former type of the quasiparticles obey mixed Fermi and Bose commutation relations known as the Pauli commutation relations. 10, 14, [41] [42] [43] 49 Therefore the Pauli operators t n ϩ and t n are not convenient when dealing with the states containing more than one exciton. To facilitate the analysis, we shall invoke the Jordan-Wigner transformation 10, 14, 17, 40, 41 converting the original Pauli operators into a set of operators a n and a n ϩ obeying exact Fermi commutation relations, as a n ϭ͑Ϫ1 ͒ n t n ; t n ϭ͑Ϫ1 ͒ n a n ͑2.3͒
(nϭ1,2, . . . ,N), with
The operator a n describes the annihilation of a Fermi-exciton at the site n, a n ϩ being the corresponding creation operator. Note that the other set of operators c n␣ ϩ and c n␣ does not require any fermionization, as our consideration is restricted to states with up to one molecular electronic excitation of this type. In fact, the present paper concentrates on pumpprobe spectroscopy probing the excited-state manifold that contains a superposition of two Fermi-excitons and one higher molecular excitation. The states in which two or more molecules are promoted to higher excited levels, are characterized by much larger energies than those of two Fermiexcitons. Such states are not accessible via the pump-probe spectroscopy of interest due to detuning effects.
To represent the Hamiltonian ͑2.1͒ via the new operators, consider first the terms of the Hamiltonian that do not contain the Pauli operators belonging to the boundary sites N and Nϩ1. Such nonboundary terms preserve their original form, i.e., one can simply change the letter t ͑referring to Pauli operators͒ into the letter a ͑denoting Fermi operators͒ in the corresponding terms of the Hamiltonian ͑2.1͒; this is a consequence of the one-dimensionality of the system along with the adopted nearest-neighbor approximation. 9, 10, 14, 17, 18, 41, 42 
Using condition ͑2.5͒, the whole Hamiltonian retains its original form ͑2.1͒ and can hence be represented as
where the factor (Ϫ1) q is hidden in the boundary condition ͑2.5͒ for the operators a Nϩ1 and a Nϩ1 ϩ . Condition ͑2.5͒ will lead to two different sets of the wave number values k corresponding to states with an even and odd number of Fermiexcitons, as presented in Eq. ͑2.12͒ below. It is to be emphasized that parameter q can indeed be used to classify the eigenstates of the Hamiltonian H in which operators for the creation and annihilation of Fermi-excitons appear always in pairs.
The separation of the full Hamiltonian into the terms in Eq. ͑2.6͒, corresponds to the division of the full system into a subsystem of interacting Fermi-excitons and into that due to the higher molecular states; Both subsystems are characterized by their Hamiltonians H ex and H high , respectively. The remaining terms H high-ex and H ex-high describe the interaction between the two subsystems. The former operator H high-ex corresponds to processes involving the destruction of two Fermi-excitons accompanied by the promotion of the system to a higher molecular state, H ex-high being the Hermitian conjugated counterpart representing the opposite processes.
B. Transition into the momentum space
Next we shall transform the Fermi-operators into the momentum space,
where the boundary condition ͑2.5͒ provides the following set of k values:
the number j assumes N consecutive integer values, and the parameter q can again take one of the two values 0 or 1 depending on whether the exciton number in the system is odd (qϭ0) or even (qϭ1). Note that the tilde has been placed here over the wave number k to reserve the usual lower case k for the wave number of the relative motion of two excitons introduced in Eqs. ͑2.15͒ and ͑2.16͒ below.
In terms of the new operators, the Hamiltonian for the exciton subsystem ͑2.7͒ reads
where
is the energy of a free Fermi-exciton. Here the coupling between the Fermi-excitons has been expressed via the auxiliary operators
͑2.15͒
describing the creation and annihilations of exciton pairs at neighboring molecules, with
being, respectively, the wave number for the motion of the ''center of mass'' of the two excitons and that for their relative motion, l and j taking N consecutive integer values, and qϭ0,1 as in Eq. ͑2.12͒.
Transforming also the other set of creation and annihilation operators into the momentum space
͑2.17͒
the remaining components ͑2.8͒-͑2.10͒ of the Hamiltonian take the form
and
with K as in Eq. ͑2.16͒.
C. Eigenstates
The eigenstates of the system split into the following manifolds:
͑1͒ The electronic ground state ͉g͘ containing no Fermiexcitons and no higher molecular excitations, so that a n ͉g͘ϭc n,␣ ͉g͘ϭ0. ͑2͒ One-exciton states containing one Fermi-exciton
where the wave vector K is as in Eq. ͑2.16͒; this corresponds to the case qϭ0 ͑the number of excitons is odd͒ in the general relation for the wave vector ͑2.12͒. Note that the higher-molecular levels are not yet involved, as at least two Fermi excitons are required for the coupling with the higher-excited states to come into play via the interaction operators ͑2.19͒ and ͑2.20͒. ͑3͒ In what follows, we shall concentrate on the next set of the excited states representing superpositions between the states with two Fermi-excitons and one molecular excitation with higher energies ␣ ; it is this manifold of the excited states to which the aggregate is promoted in the pump-probe experiments via the upward optical transitions from the one-exciton states. The pump-probe spectra will be treated by means of the Green function technique bypassing the explicit analysis of the eigenvalue problem for such a manifold.
III. LINE SHAPE OF THE EXCITED-STATE ABSORPTION
A. General
Dipole operator
The dipole operator, inducing the optical transitions within the aggregate, reads
͑3.3͒
Here the operator J ϩ (J Ϫ ) describes creation ͑annihilation͒ of Fermi-excitons by light, * ͑͒ being the corresponding molecular transition dipole along the polarization of light. As discussed earlier, 9,10 such an operator acquires a many-particle character after the fermionization due to the emerging factor (Ϫ1) n , the factor playing an important role in one-to two-exciton transitions. The operator J ϩ 1␣ describes the annihilation of a Fermi-exciton accompanied by the creation of an excitation with higher energy ͑i.e., promotion of the system from a low-lying excited state to a higher molecular level ␣͒, the operator J Ϫ 1␣ represents the opposite process, 1␣ and ␣1 being the corresponding transition dipoles along the polarization of light. For the present purposes the factor (Ϫ1) n can be omitted in J ϩ 1␣ , as we restrict ourselves to optical transitions originating from the quantum states with up to one Fermi-exciton.
In writing the above relationships, the transition dipoles of individual molecules are assumed to be parallel to each other. As a result, the index n is not featured in the quantities and 1␣ . Furthermore, the size of the aggregate is considered to be small as compared to the wavelength, so the retardation factors are not featured in the operators J ϩ and J ϩ 1␣ . Note also that the dipole operator ͑3.1͒ does not include the processes of direct creation or annihilation of the highenergy excitations: These transitions are characterized by energies that are much higher than the energy of Fermiexcitons, and hence do not contribute to the pump-probe spectrum in the exciton area of interest.
Line shape
Consider the line shape of optical absorption of the aggregate from a yet unspecified initial state ͉in͘,
where the summation is over all optically accessible final states ͉fin͘, both initial and final states being eigenstates of the full Hamiltonian ͑2.19͒ with eigenenergies E in and E fin . The positive contribution I ϩ in (E) represents the usual absorption involving the upward optical transitions in the aggregate. The negative contribution I Ϫ in (E) describes the induced emission that can be understood as the negative absorption due to the downward transitions in the aggregate. Subtracting from Eq. ͑3.5͒ the line shape of the ground-state absorption I g (E), one arrives at the differential pump-probe spectrum ͑associated with the optical transition from the one exciton state ͉in͘ϭ͉K͘ to which the system is promoted by the initially applied pump-pulse͒,
where E denotes the energy of a probe photon. Such a differential spectrum is relevant to pump-probe experiments, see, e.g., Refs. 22-24, 30, 31.
Since ␦(x)ϭ Ϫ1 Im(xϪis) Ϫ1 ͑with s→ϩ0͒, Eq. ͑3.5͒ may be rewritten in a form that is more convenient for the subsequent analysis,
͑3.7͒
Note that the retention of a small ͑yet finite͒ quantity s makes it possible to introduce phenomenologically a finite homogeneous linewidth for the molecular spectral lines characterized by Lorentzian shapes. Furthermore, depending on experimental conditions, the finite s may represent other broadening effects, like an inhomogeneous segment distribution or laser pulse widths ͑for more details see, e.g., Ref. 36͒.
In the simpliest case of optical transitions from the ground electronic state, one has ͉in͘ϭ͉g͘ and E in ϭE g ϭ0, giving
i.e., only upward transition to the one exciton state with K ϭ0 contribute to the line shape I g (E).
Sum rule
We complete the subsection by writing a general sum rule obeyed by the absorption line shape ͑3.4͒, 9,10
where m is the number of the excitons in the initial state, i.e., mϭ0 in the case of transitions from the ground electronic state (͉in͘ϭ͉g͘), and mϭ1 for transitions from one-exciton states (͉in͘ϭ͉K͘). In terms of the differential spectrum ͑3.6͒, the sum rule ͑3.9͒ reads
showing that the integral over the differential spectrum is determined by the transition dipoles and 1␣ only. In other words, the integral ͑3.10͒ does not depend on other parameters of the system, such as the energies of resonance coupling (ϪL) and the exciton-exciton interaction (Ϫ␥), as well as the energy of the coupling between the Fermiexcitons and the higher molecular excitations ( ␣ ). It is noteworthy that the sum rule for the line shape I in (E) has been originally derived analyzing a system of noninteracting excitons in one dimension. 9 ,10 Yet, its derivation is based only on the general commutation relations for the Paulioperators entering the dipole operator ͑3.1͒, as well as on the assumption that the transition dipoles of individual molecules are parallel to each other. As a result, the sum rule ͑3.9͒ ͓or ͑3.10͔͒ is applicable to a much wider range of molecular systems, including the one considered here, systems influenced by static disorder and phonons, and also systems with higher dimensions. The above sum-rules demonstrate that ͉͐⌬I K (E)dE͉/͐I g (E)dEϳ1/N, i.e., for large aggregates (Nӷ1) the integrated change of the absorption line shape is much smaller than the integrated line shape itself. This goes along with the pump-probe experiments on Jaggregates showing a blue-shift ͑with almost no bleaching͒ of the exciton J-band. [22] [23] [24] [25] [26] [27] [28] [29] Previous theoretical analyses of the one-to two-exciton transition does indeed yield such a blue shift, 9, 10, [12] [13] [14] 34, 36 the effect being retained in many cases in the present model incorporating both the excitonexciton coupling and an arbitrary number of higher molecular levels, as will be demonstrated in Sec. IV.
B. Line shape for transitions from one-exciton states
In what follows, we shall concentrate on optical transitions from the one-exciton states ͉K͘. In such a situation, the contribution due to the induced emission reads
where I ϩ g (E) is the line shape of ground-state absorption given by Eq. ͑3.8͒. The Kronecker delta reflects the fact that downward transitions to the ground electronic state (͉K͘ →͉g͘) are possible only from the optically active state with Kϭ0. On the other hand, the line shape due to the upward transitions cannot be written in such a simple form, since the final eigenvectors ͉fin͘ represent a complex superposition of the two-exciton states and the states containing one molecular excitation with higher energy. To bypass the explicit analysis of the state-vectors ͉fin͘, we shall make use of the fact that they comprise a complete basis, and can thus be discarded from Eq. ͑3.7͒ to yield
͑3.13͒ is the Green operator ͑corresponding to the Hamiltonian H͒, E K being the energy of the initial one-exciton state, as given by Eq. ͑2.14͒ subject to the substitution k →K.
In Appendix A, the Green operator G has been determined in terms of the Green operator for free excitons G free ex invoking the projection operator technique. We shall substitute the results ͑A6͒ and ͑A14͒ for G into the line shape ͑3.12͒, subsequently exploiting Eqs. ͑3.1͒-͑3.3͒ for the dipole operators, as well as Eqs. ͑2.18͒-͑2.20͒ for the terms comprising the Hamiltonian. As a result, one arrives then at the following absorption line shape ͑These results will be discussed in detail in Sec. IV in connection with the representation of the differential pump-probe spectrum͒:
͑3.14͒
Here the constituent terms read
where ␥ K Ј (E) has been defined by Eq. ͑A11͒, and the operator G free ex is given by Eq. ͑A12͒ in Appendix A. The dimensionless parameter a K contains contributions due to both the direct coupling between the Fermi-excitons ␥/2L and also the additional ͑indirect͒ coupling between the excitons via the the higher molecular levels. The latter indirect coupling is represented by the second term in Eq. ͑3.20͒.
Equations ͑3.14͒-͑3.18͒ define the absorption line shape in terms of the Green functions for free excitons, the latter functions are given explicitly by Eqs. ͑A16͒-͑A18͒ in Appendix A. In the following we shall concentrate on optical transitions from the one-exciton state with Kϭ0. In fact, due to the Kϭ0 selection rule, only such a state can be populated during the ground-state absorption of a photon from the pump pulse. As a result, the subsequent absorption of a probe photon does take place from this one-exciton state, as long as the aggregate does not undergo thermal transitions to other one-exciton levels with higher energies. 51 For Kϭ0, the Green functions given by Eqs. ͑A16͒-͑A18͒ reduce to the following:
and pϭ͑ϩ2LϪEϩis͒/4L.
͑3.25͒
The above summation S n (p) has the form of the familiar one-exciton Green function. In dealing with such functions, the summation over k is normally replaced by an integration ͑see, e.g., Refs. 14-16, 33, 34, 36, 44, 50͒ assuming that the number N is sufficiently large. To retain the effects of finite N, we shall make use of another method originally suggested by Montrol 45 and Lakatos-Lindenberg et al. 46 in their studies of random walk on lattices. Note that in the present situation the wave number k, characterizing the relative motion of the two excitons, can assume values different from those in Refs. 45 and 46. In fact, there are two possible sets of k given by Eq. ͑2.16͒ depending on a specific value of the full wave vector Kϭ2l/N ͓with qϭ1 in Eq. ͑2.16͒, as we deal with the states containing even number of Fermi-excitons͔. In the case of odd l, Eq. ͑2.16͒ yields a set of k values considered in Refs. 45 and 46. However for even l ͑e.g., for lϭKϭ0͒, one arrives at another set in which the value kϭ0 does not appear. The summation ͑3.24͒ has been carried out in Appendix B for the present purposes. Using Eq. ͑B5͒, one finds for Kϭ0,
.26͒ is an exact result valid for an arbitrary number N. It is instructive that the Green function ͑3.26͒ is not affected by the interchange b↔b Ϫ1 . In other words, the sign of the square root ͱp 2 Ϫ1 can be reversed simultaneously both in b and b Ϫ1 . In Eq. ͑3.27͒ the specific sign of the square root has been chosen in such a way that ͉b͉Ͼ1, if the energy E of a probe photon lies within the exciton zone or below (EϽϩ2L). This spectral area is most important for the optical absorption involving predominantly the lowest levels of the exciton band.
51 ͑If the energy E is situated above the exciton zone EϾϩ2L, the sign of the square root is to be reversed in Eq. ͑3.27͒ to get ͉b͉Ͼ1.͒ The choice ͉b͉Ͼ1 allows us to neglect the term b Ϫ(NϪn) in Eq. ͑3.26͒ at sufficiently large N. Note that for the energies lying within the exciton zone Ϫ2LϽEϽϩ2L, the limit of large N is achieved in the case where the linewidth s of the individual molecules exceeds considerably the distances between the exciton levels, sN/4L͉1Ϫp 2 ͉ 1/2 ӷ1.
IV. ANALYSIS OF THE DIFFERENTIAL PUMP-PROBE SPECTRUM
Using Eq. ͑3.14͒ for the line shape I ϩ K (E), the differential spectrum ͑3.6͒ can be written as
where both the induced emission and the ground-state absorption are now contained in the free-exciton term,
In the case of Kϭ0, the contribution ⌬I free-ex K (E) and the term I ϩint1 where the parameter d is of the order of unity in the case where and 1␣ do not differ significantly in their orientations. It is noteworthy that the relationship ͑4.5͒ holds beyond the dipole approximation as well, provided the higher levels ␣ represent the vibrational sublevels of a single electronic state. Under this condition, both the transition dipole 1␣ and the coupling energy ␣ are characterized by the same Condon factors, so one arrives immediately at the relationship ͑4.5͒ in which d is some dimensionless parameter. The case accommodates, inter alia, a situation where only one higher electronic level ͑without a vibrational structure͒ is considered. Such a model has been treated recently by Knoester and Spano 15 in their analysis of the two-photon absorption in a long chain of three level molecules without including the direct exciton-exciton interaction. Using the relationship ͑4.5͒, both coefficients u K and u K , given by Eq. ͑3.19͒, can be expressed via a single function Q(E),
with
where Kϭ0 is taken in Eq. ͑4.6͒, and pϵ p(E) as in Eq. ͑3.25͒. In a similar way, for Kϭ0 the coupling parameter ͑3.20͒ can be expressed through the same function Q(E),
The line shape I ϩhigh 0 (E) given by Eq. ͑3.18͒ is also related to the function Q(E), as
Im Q͑E ͒.
͑4.9͒
Finally, the remaining term I ϩint2 0 (E) takes the form,
͑4.10͒
with b as in Eq. ͑3.27͒. The terms ͑4.3͒, ͑4.4͒, and ͑4.9͒-͑4.10͒ define the full differential spectrum ⌬I 0 (E) given by Eq. ͑4.1͒. The terms ⌬I ϩfree-ex 0 (E) and I ϩhigh 0 (E) represent, respectively, contributions due to the free Fermi-excitons and the higher molecular levels. Note that the bleaching contribution ͑due to the ground state depletion͒ does not show up in the term I ϩhigh 0 (E), as the corresponding transition dipoles have been omitted in the transition operator given by Eqs. ͑3.1͒-͑3.3͒. Inclusion of such transition dipoles is straightforward, yet the ground-state absorption to the higher molecular levels is beyond the spectral region of interest and can therefore be disregarded. The other terms I ϩint2 0 (E) and I ϩint1 0 (E) are due to coupling of the Fermi-excitons to the higher molecular levels, as well as due to the direct coupling between the Fermiexcitons. It is noteworthy that the coupling parameter a, Eq. ͑4.8͒, entering the line shapes I ϩint2 0 (E) and I ϩint1 0 (E), contains an addition to ␥/2L which reflects indirect coupling between the Fermi-excitons via the higher molecular levels. The strength of the indirect coupling depends on the function Q(E) generally given by Eq. ͑4.7͒. The specific form of the function Q(E) depends on what kind of distribution applies to the energies ␣ of higher molecular states and the corresponding transition dipoles 1␣ . For instance, in the case where the transitions to higher levels are distributed according to a Lorentzian centered at high 0 and characterized by the width ⌬, Eq. ͑4.7͒ simplifies to
is the detuning energy, and the quantity xϭ͓EϪ͑Ϫ2L ͔͒/4L ͑4.13͒ is the energy ͑in 4L units͒ calculated from the bottom of the exciton zone. Figures 1-5 show plots of the relative pump-probe spectrum
͑4.14͒
vs the relative energy x, calculated using the Lorentzian distribution ͑4.11͒ for Q(E). Figure 1 gives the spectra for small ͑a͒, medium ͑b͒, and large ͑c͒ values of the relative width ⌬/4L of the distribution of higher molecular levels. In all three cases a value of ␥/2Lϭ1.7 has been used for the direct exciton-exciton coupling. In other words, ␥/2L exceeds the critical value of 1 which corresponds to the onset of formation of a biexciton ͑below the exciton band-edge at xϭ0͒ in the case where the influences of the higher molecular levels can be neglected. 33, 34, 44 For ⌬/4LӶ1 ͓Fig. 1͑a͔͒, the differential spectrum around the band-edge Ϫ0.15Ͻx Ͻ0.15 exhibits a blue shift of the ground-state absorption positioned at xϭ0, such a shift being familiar from the analysis of noninteracting excitons. pump-probe spectrum presented in Fig. 1͑a͒ fits fairly well ͑at Ϫ0.15ϽxϽ0.15͒ to the spectrum for the noninteracting Fermi-excitons ⌬I free-ex 0 (E) given by Eq. ͑4.3͒, subject to the replacement of the actual size of the aggregate N by the effective one
as illustrated in Fig. 2 for the case where ⌬/4Lϭ0.02. Such a replacement has been recently suggested in Ref. 35 analyzing the influence of the exciton-exciton interaction on the optical transitions between the one-exciton and two-exciton states. In the present situation, the concept of the effective number N eff has been extended to include the contribution due to the higher molecular levels into the coupling parameter a. This makes the quantity N eff entering the line shape ⌬I free-ex 0 (E), a complex quantity. Since the widths ⌬/4L are taken to be extremely small in Figs. 1͑a͒ and 2 , the coupling parameter a given by Eq. ͑4.8͒ acquires a very large imaginary part around xϭ0. As a result, the effective number N eff depends weakly on the magnitude ␥/2L of the direct coupling, and appears to be close to NϪ2. In other words, the strong indirect coupling between the excitons excludes the two-exciton states containing the excitons at the neighboring sites from the formation of the differential spectrum. In this way, the effective number of molecules contributing to the one-to two-exciton transitions in the spectral area around the exciton band-edge is reduced by 2.
52 For instance, in the situation presented in Fig. 2 , one has N eff ϭ9.998Ϫ0.0799i, i.e., the effective size of the aggregate is reduced from 12 to 10, and a small imaginary part emerges in N eff . The approximated spectrum represented by a dashed curve in Fig. 2 , fits well the exact result at energies xϾ0.02 corresponding to the excitation by a probe photon of the dissociated two-exciton states. However, at lower energies xϽ0.02 the approximated spectrum underestimates to some extent the contributions due to the induced emission to the ground electronic state, and also the depletion of the ground state absorption, as for both of these spectra the actual number N ͑rather than the effective one͒ is more relevant. Note also that despite such an underestimation, the sum rule ͑3.10͒ is preserved for the overall differential spectrum, the missing oscillator strength being transferred to the biexciton peak positioned at lower energies. Figure 1͑c͒ shows another limiting case where the distribution of the higher molecular levels is large compared to the resonance coupling, ⌬/4Lӷ1. Here the coupling parameter a is close to ␥/2L, the indirect coupling between the Fermi-excitons providing a small imaginary part to a. This introduces some broadening to the biexciton peak positioned at xϷϪ0.15 in Fig. 1͑c͒ . The linewidth of the biexciton peak increases with decreasing ⌬/4L until the peak becomes almost unresolvable in the case of intermediate widths, ⌬/4L ϳ1, as depicted in Fig. 1͑b͒ . In this way, the higher molecular levels can broaden considerably the biexciton peaks making it difficult to identify them in the pump-probe spectra. Decreasing further the parameter ⌬/4L, one returns back to the limit ⌬/4LӶ1 in which a biexciton peak reappears at much lower energies around xϷϪ0.52, as shown in Fig.  1͑a͒ . It is noteworthy that in the formation of such a biexciton, an important role is played by the indirect interaction between the excitons shifting the biexciton peak additionally downwards from the two-exciton continuum. For instance, in the situation corresponding to Fig. 1͑a͒ , the real part of the coupling parameter a calculated at xϭϪ0.525 equals approximately 2.6, exceeding substantially the magnitude of the direct exciton-exciton coupling ␥/2Lϭ1.7. It this way, the indirect attraction between the Fermi-excitons allows the formation of a biexciton for ␥/2Lр1 and even for negative values of the constant ␥/2L, as one can see from Fig. 3 showing the differential spectrum at ⌬/4Lϭ0.05 for various values of ␥/2L. A similar effect is known in the theory of biphonons and Fermi resonance in the vibrational spectra of crystals. 47, 48 This point was also noted in Ref. 36 analyzing a system of three level molecules without the direct excitonexciton interaction. On the other hand, for larger relative widths ⌬/4L, the onset of biexciton formation depicted in Fig. 4 occurs as usual 33, 34, 44 at the critical values of ␥/2L equal to approximately 1, yet the formation of a biexciton is somewhat smoothened by the influences of higher molecular levels ͑see Fig. 4͒ . Note also that the indirect interaction between the excitons might reduce to some extent the critical value for the biexciton formation even in the case of a wider distribution of higher molecular sublevels, provided these sublevels are distributed above the bottom of the two-exciton continuum (⌬ high 0 Ͼ0) thus generating the attractive indirect interaction between the Fermiexcitons. Finally, below the critical values of ␥/2L, the differential spectrum around the band-edge xϭ0 can be once again represented fairly well by the one for noninteracting Fermi-excitons 53 for ⌬/4Lտ2 ͑see Fig. 5͒ subject to the substitution of the actual length of the aggregate N by the effective one N eff given by Eq. ͑4.15͒.
V. CONCLUSION
The differential pump-probe spectrum has been considered taking into account simultaneously effects of excitonexciton interaction and of higher molecular levels. The theoretical analysis performed in terms of the Green function technique, provides analytical expressions for the pumpprobe spectrum. These expressions are valid for an arbitrary number N of molecules forming the aggregate and any number of molecular states with higher energies, including, inter alia, the most common situation in which the higher-lying states are characterized by a dense set of sublevels of electronic, vibrational, etc. origin. The higher levels then play the role of a dissipative system that quenches pairs of lower lying excitons. This makes the exciton-exciton annihilation an irreversible decay process, as usually observed in experiments. 38 In the spectroscopic context, the existence of such a dense set of higher molecular levels introduces widths to biexciton peaks. In some situations ͓such as the one depicted in Fig. 1͑b͔͒ the broadened biexciton peaks become difficult to identify in the pump-probe spectra. In addition, the indirect interaction between the excitons via the higher molecular levels can facilitate the formation of a biexciton at lower than usual values of the direct exciton-exciton coupling ␥, in extreme cases even for negative ␥ values characterizing repulsion rather than attraction between the excitons. It is noteworthy that a similar manifestation of the indirect interaction is known in the theory of biphonons and Fermi resonance in the vibrational spectra of crystals. 47, 48 This point was also noted by Knoester and Spano 36 for a system of three level molecules without the direct exciton-exciton interaction. On the other hand, in the region around the exciton band-edge, the pump-probe spectrum exhibits a blue shift of the exciton absorption line for various situations ͓such as in Figs. 1͑a͒, 2, and 5͔, the shift being familiar from the analysis of noninteracting excitons. 9, 10, 12, 14, 21, 24 The differential spectrum can then be described reasonably well in terms of the model of noninteracting excitons, subject to the replacement of the actual number of molecules per aggregate 39 N by the effective one N eff ͑with ͉N eff ϪN͉ӶN for sufficiently large aggregates͒. The latter N eff is shown to be influenced both by the direct coupling between the excitons and by the indirect coupling via the higher molecular levels. In this way, the pump-probe spectroscopy probing the manifold of the two-exciton states and the higher molecular excitations provides information on the effective number N eff that might be somewhat different from N. lia for providing Refs. 45 and 46. The authors also thank V. M. Agranovich for comments on the manuscript.
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APPENDIX A: DETERMINATION OF THE GREEN OPERATOR
The Green operator in the expression ͑3.12͒ for the line shape acts on the excited-state manifold containing either two Fermi-excitons or one excitation with higher-energy. To determine such a Green operator, let us divide the full Hamiltonian ͑2.6͒ into the zero-order Hamiltonian and the interaction operator, where the zero-order Hamiltonians H ex and H high describe, respectively, the subspaces of two-exciton states and higher molecular levels, and the coupling operator V induces transitions between the two sets of states. In a similar way, the Green operator can be represented in terms of its components as , and G high of the full Green operator G can be expressed in terms of its projection G ex onto the subspace of the two-exciton states. As a result, the Green operator ͑A4͒ can be represented as
where G 0 is the zero-order Green operator,
G 0 ex and G 0 high being its projections onto the subspaces of the two-exciton states and the higher molecular levels, respectively.
To determine the component G ex , we shall substitute recursively the left-hand side of one of the Dyson equations ͑A5͒ into its right-hand side, projecting the resulting equation onto the subspace of the two-exciton states. As a result, one arrives at a closed equation for G ex , the solution of which reads
is the effective Hamiltonian for the two-exciton subsystem.
The second term in Eq. ͑A9͒ represents the indirect interaction between the Fermi-excitons due to the other subsystem.
Using Eqs. ͑2.13͒, ͑2.18͒-͑2.20͒, ͑A2͒, and ͑A7͒, the effective Hamiltonian ͑A9͒ can be written explicitly as
͑A11͒
where the second term in Eq. ͑A11͒ describes the additional ͑indirect͒ coupling between the excitons via the the higher molecular levels. Obviously the effective Hamiltonian ͑A10͒ has the same form as the original Hamiltonian ͑2.13͒ for the exciton subsystem subject to the replacement ␥→␥ K Ј . In other words, both direct and indirect interactions between the excitons are characterized by the same combination of the two-exciton operators B K and B K ϩ . This will facilitate the subsequent analysis. Note also that the operator B K , when acting on the state-vectors containing two Fermi-excitons, can produce only the ground state-vector ͉g͘. Therefore, insertion of the projection operator ͉g͗͘g͉ into the coupling term has no effect on the effective Hamiltonian ͑A10͒.
Introducing the Green operator for free excitons .
͑B5͒
In the case where l is even ͑e.g., lϭ0 which corresponds to Kϭ0͒, the above result reduces to Eq. ͑3.26͒.
energy of the resonant coupling between the Fermi-excitons. In such a case, the optically allowed transitions take place to the levels situated at the bottom of the exciton band. 52 A similar conclusion has been reached by Knoester and Spano ͑Ref. 15͒ in their analysis of the two-photon absorption by a chain of three level molecules in the absence of the direct interaction between the excitons (␥ ϭ0). Specifically, it was concluded that ''the two-photon allowed space splits into a chain of length of NϪ2 and a 'dimer' subspace'' in the case where the coupling between the excitons and the higher molecular levels exceed considerably the magnitude of the resonance interaction. In the presented situation ͓Figs. 1͑a͒ and 2͔ the coupling between the two subsystems is not so strong, yet an additional indirect attraction between the excitons leads to a similar effect. It is to be pointed out that in calculating Figs. 1͑a͒, 2, and 3, the spectral width of higher molecular levels is taken to be very narrow ⌬/2LӶ1. Such a situation is similar to the model of the three-level molecular chain in which the exciton-exciton interaction is now additionally included. 53 Brief arguments showing that the differential spectrum should not depend significantly on the magnitude of the exciton-exciton coupling, have been presented already in the original paper by Juzeliūnas ͑Ref. 10͒, the issue being explored in more detail recently ͑Refs. 33-35͒. Specifically, the calculated pump-probe spectrum ͑Refs. 33, 34͒ has appeared to be almost independent of the magnitude of the exciton-exciton coupling ͑if the latter does not exceed its critical value͒ in the region of the exciton bandedge, the effect being understood ͑Ref. 35͒ in simple terms through the concept of the effective number N eff . 54 G. Juzeliūnas and D. L. Andrews, Phys. Rev. B 49, 8751 ͑1994͒.
